Abstract-In this note, it is shown that the differential equation with discontinuous right-hand side, which describes the dynamic behavior of a mechanical system with friction, has a Carathèodory solution. This result supports theoretically the prior work on the control of mechanical systems with friction, which assumes the existence of Carathèodory solutions without proof.
I. INTRODUCTION
Until now, there has been a considerable amount of research work on the control of mechanical systems with friction; see the survey paper [1] and the vast literature therein. Note that the righthand side of the differential equation, which describes the dynamic behavior of a mechanical system with friction, is discontinuous due to the nature of friction at zero velocity. Hence, the well-known classical result on the existence of solutions in differential equations, which requires local Lipschitzness in state variables and piecewise continuity in time, is not applicable to mechanical systems with friction. Nonetheless, most prior works assume, without proof, the existence of a Carathèodory solution.
In this note, we use differential inclusions [4] to show the existence of a Carathèodory solution in the differential equation with discontinuous right-hand side which describes the dynamic behavior of a mechanical system with friction. Specifically, we first embed the discontinuous right-hand side into a set-valued map. The resulting differential inclusion is then shown to have a solution. Finally, the solution is shown, through some set-theoretic arguments on the basis of the celebrated Cantor-Bendixon's theorem [14] , to be in fact the Carathèodory solution of the original differential equation.
The differential inclusion used in our development is different from Filippov's differential inclusion [12] , [13] which has been used to study nonsmooth control systems including variable structure systems and adaptive systems with discontinuous switching laws [5] - [9] . In particular, Filippov's differential inclusion does not necessarily characterize the dynamic behavior of a mechanical system with friction on its discontinuity hypersurface, as explained in Section II.
II. MAIN RESULTS
The motion of a mass which moves on the surface with static friction can be described by
where m is the mass, v 2 R is the velocity of the mass, F 2 R represents the friction force, and u 2 R is the external force applied to the mass [3] .
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Here, the function F is given by
In our analysis, we make the following assumptions on the function F s .
A.1)
Fs is continuous on (01; 0) [ 
Then, the closed-loop system consisting of the system in (1) and the above controller in (2) can be written as _z =f(t; z) z(t 0 ) =z 0 It is well known that a differential equation has a Carathèodory solution, provided its right-hand side is locally Lipschitz in state variables and piecewise continuous in time [15] . However, this famous existence theorem does not work for the differential equation in (3) since its right-hand side is discontinuous in z due to the nature of friction at zero velocity. Nonetheless, it has a Carathèodory solution, as shown soon. For readable presentation of our result, we give the precise definition of a Carathèodory solution below. iii) _ z(t) = f(t; z(t)); a.e. on [t 0 ; t 1 ).
We are now ready to state our main result.
Theorem 1:
The differential equation in (3) has a C-solution.
To prove the above theorem, we introduce some notational convention about set-valued maps, which can be found in [4] , [10] , [11] , and elsewhere. The set of all subsets of a set X is denoted 
Here,Fs is also a set-valued map from R into 2 R defined as
Then, the function f in (3) can be embedded into the set-valued map E, i.e., f(t; z) 2 E(t; z); 8(t; z) 2 R 2 R n+1 :
In particular, it holds that E(t; z) = ff(t; z)g; if v 6 = 0:
The following lemma further clarifies the relationship between the function f in (3) and the set-valued map E in (4). 
On the other hand, when v 6 = 0, (8) is the immediate consequence of (7). We next consider the following differential inclusion:
The following lemma suggests that the set-valued map E in (4) is regular enough for the above differential inclusion to have a solution. iii) _ z(t) 2 E(t; z(t)), a.e. on [t 0 ; t 1 ):
Proof: To begin with, we show that E is upper semicontinuous: (11) For this purpose, we partition R n+1 into three regions as follows: Recall that a continuous set-valued map is always uppersemicontinuous [4] . The upper-semicontinuity of E on R 2 (M + [ M 0 ) is therefore the direct consequence of (7) 
By (13) and (14) along with the triangular inequality, (15) Note that the last equality follows from the assumption A.2, and further that the second term in its right-hand side satisfies 
By (13) and (18), along with the triangular inequality, (11) holds. On the other hand, note from the definition of E in (4) that at each (t 3 ; z 3 ) 2 R2R
n+1 ; E(t 3 ; z 3 ) is compact and convex. We have thus shown that all the hypotheses of Theorem 2.4 in [4] , which states necessary conditions for the existence of solutions in differential inclusions, are satisfied. Hence, the assertion in Lemma 2 holds.
Before proceeding to the proof of Theorem 1, we introduce some definitions about topological properties of sets. Let A be a subset of a topological space X. A point x 2 A is called an isolated point of A if it is not a limit point of A, i.e., if there exists a neighborhood
U of x such that U \ A = fxg. The set A is said to be perfect if it is closed and has no isolated points, i.e., if A is equal to the set of its own limit points.
We are now ready to prove Theorem 1.
Proof of Theorem 1:
As will be shown soon, the solution z:
[t 0 ; t 1 ) ! R n+1 of the differential inclusion in (10), whose existence is guaranteed by Lemma 2, satisfies that _ z(t) = arg min y2E(t; z(t)) kyk; a.e. on [t0; t1):
Then, this along with Lemma 1, will lead to the assertion of Theorem 1. We now show that (22) Here, note that the set E 0 is closed since v is continuous. Then, the Cantor-Bendixon's theorem [14] assures that E0 contains a perfect subset E p and a countable subset E c such that
On the other hand, it follows from iii) in 
It then follows from (24) to (26) that
Here, observe that E n \ B; E c \ A; and E 0 \ B are sets of measure zero. 
Now, (29) follows immediately from (30) and (33). Finally, we explain the reason why Filippov's differential inclusion [12] , [13] does not necessarily characterize the dynamic behavior of mechanical systems with friction described by (1), (2) along with A.1) and A.2). To this aim, we compute Filippov's differential inclusion corresponding to the differential equation in (3) explicitly using the calculus for computing Filippov's differential inclusion. 
III. CONCLUSION
We have shown that the differential equation with discontinuous right-hand side, which describes the dynamic behavior of a mechanical system with friction, has a Carathèodory solution. Nonetheless, further research is necessary to show whether or not it is unique.
